Abstract. Let G be a von Neumann algebraic locally compact quantum group, in the sense of Kustermans and Vaes. In this paper, as a consequence of a notion of amenability for actions of Lau algebras, we show that G, the dual of G, is co-amenable if and only if there is a state m ∈ L ∞ ( G) * which is invariant under a left module action of L 1 (G) on L ∞ ( G) * . This is the quantum group version of a result by Stokke [17] . We also characterize amenable action of Lau algebras by several properties such as fixed point property. This yields in particular, a fixed point characterization of amenable groups and H-amenable representation of groups.
Introduction
A Banach algebra A is called a Lau algebra if the dual space A * of A is a W * -algebra and the identity element of A * is a multiplicative linear functional on A. The subject of this large class of Banach algebras originated by Lau in [7] . The class of Lau algebras includes the predual of a Hopf von Neumann algebra, the group algebra L 1 (G), the Measure algebra M (G), the Fourier algebra A(G) and the Fourier-stieltjes algebra B(G) of a locally compact topological group G as defined in [3] . A Lau algebra A is called left amenable if there exists a state m ∈ A * * which is invariant under canonical left module action of A on A * * ; that is, a · m = ε(a)m for all a ∈ A, where ε denotes the identity of A * [7] . In the same paper, several properties characterizing left amenable Lau algebras are presented. A fixed point characterization can be found in [12] .
Let G be a von Neumann algebraic locally compact quantum group, in the sense of Kustermans and Vaes [6] , and let L 1 (G) be the convolution quantum group algebra of G. Then G is called amenable if the Lau algebra L 1 (G) is left amenable; that is there is a state m ∈ L ∞ (G) * which is invariant under canonical left module action of L 1 (G) on L ∞ (G) * [15] . If the Banach algebra L 1 (G) has a bounded approximate identity, then G is called co-amenable [1] .
Leptin's theorem asserts that a locally compact qroup G is amenable if and only if the Fourier algebra A(G) has a bounded (by one) approximate identity [9] . In the language of locally compact quantum groups, it states that G is amenable if and only if G, the dual of G, is co-amenable. It is known that, if G is co-amenable, then G is amenable [1, Theorem 3.2] . The converse implication is known to hold in the discrete case [19] .
It is an open problem whether this is true for general locally compact quantum groups. Let A be a Lau algebra. In this paper we introduce and study a notion of amenability for an action of A on a von Neumann algebra. As we shall see, this concept unifies and generalizes the notions of amenability which have been studied in [2, 7, 8, 13] and [16] . We will show that many results concerning left amenability of Lau algebras have similar analogues for amenability of an action of A on a von Neumann algebra. As a consequence, we show that G is co-amenable if and only if there is a state m ∈ L ∞ ( G) * which is invariant under a left module action of
This generalizes a result of [17] by Stokke on the Fourier algebra to all locally compact quantum groups. Finally, we give a fixed point property characterizing amenability of an action of A on a von Neumann algebra. In particular, we generalize results of [12] , and we also give a fixed point characterization of amenable groups and H-amenable representation of groups.
Amenability of actions of Lau algebras
Throughout this paper, we assume that A is a Lau algebra. In this section we introduce a notion of amenability for an action of A on a von Neumann algebra. And then we discuss some of its equivalent formulations. First, we recall some terminology.
By a left Banach A-module, we mean a Banach space X equipped with a bounded (by one) bilinear map from A × X into X, denoted by (a, x) → a · x such that a · (b · x) = (ab) · x for each a, b ∈ A and x ∈ X. A right Banach A-module is defined similarly. The dual spaces X * of a left Banach A-module X becomes a dual right Banach A-module with the following module actions
For a von Neumann algebra N , let P 1 (N * ) be the set of all states of N . We put P 1 (N * ) = P 1 (N * ) ∩ N * . If ε N denotes the identity element of N , then [10, Corollary 3.3.4] , implies that
We commence this section with the main definition of the paper.
Definition. Let N be a von Neumann algebra. We say that A acts on N if N is a dual right Banach A-module. An element n ∈ P 1 (N * ) is called a right invariant A-mean on N if n(y · a) = n(y) (y ∈ N, a ∈ P 1 (A)).
The action of A on N is called amenable, if there is a right invariant A-mean on N .
The following examples show that the above definition unifies and generalizes the notions of amenable and H-amenable unitary representation of groups, amenable action of groups on von Neumann algebras and amenable action of Hopf-von Neumann algebras.
Example 2.1.
(1) Let A acts on A * with the natural module action. Then, this action is amenable if and only if A is left amenable [7] . (2) Let (π, H π ) be a continuous unitary representation of a locally compact group G, and let B(H π ) denote the set of all bounded linear operators on H π . According to [2] , π is amenable if there exists a state m on
for all s ∈ G and T ∈ B(H π ). Also, π is called H-amenable [17] , if there exists a net of unit vectors {ξ α } in H π such that 
is amenable if and only if π is H-amenable [17, Proposition 3.1]. (3) Let G be a locally compact group and let N be a von Neumann algebra.
Suppose that s → β s is a homomorphism of G into Aut(N ) such that for each y ∈ N , the map s → β s (y) is w * -continuous, then N is called G-amenable [8] , if there exists a state m on N such that (β s ) * (m) = m for all s ∈ G. Now, define
Then, this action of L 1 (G) on N is amenable if and only if N is Gamenable [8, Proposition 3.2]; see also [16] . (4) A pair (M, Γ) is a Hopf-von Neumann algebra if M is a von Neumann algebra and Γ : M → M⊗M is a normal, unital * -homomorphism satisfying (ι ⊗ Γ)Γ = (Γ ⊗ ι)Γ, where ⊗ denotes the tensor product of von Neumann algebras. We can define a product on M * , turning it into a Lau algebra, by
for all ω 1 , ω 2 ∈ M * and x ∈ M. A left action of (M, Γ) on a von Neumann algebra N is a normal, injective * -homomorphism α : N → M⊗N such that (ι ⊗ α)α = (Γ ⊗ ι)α. According to [13] , (N, α) is left amenable if there exists a state m on N such that
The action given by y · ω = (ω ⊗ ι)α(y) for all y ∈ N and ω ∈ M * , defines a dual right M * -module structure on N . Now this action is amenable if and only if (N, α) is left amenable.
As first result, we present the following observation which is often useful. Before, we note that, if A acts on a von Neumann algebra N , then N * is a left Banach A-module. Moreover,
Proposition 2.2. Let A act on a von Neumann algebra N and ε N · a = ε N for each a ∈ P 1 (A). Then the action of A on N is amenable if and only if there is a non-zero n ∈ N * such that a · n = n for each a ∈ P 1 (A).
Proof. Suppose that n is a non-zero element of N * such that a · n = n for each a ∈ P 1 (A). By [10, Theorem 3.3.2], we have a · n * = n * for all a ∈ P 1 (A). So we may assume that n is self adjoint. By Jordan decomposition theorem, [10, Theorem 3.3.10], there exists positive linear functionals n + and n − on N such that n = n + − n − and n = n
But a · n + and a · n − are positive and
By the uniqueness of decomposition it follows that a·n + = n + and a·n − = n − . Consequently, if n + = 0 (say) and m = n + /n + (ε N ), then m ∈ P 1 (N * ) and a·m = m for each a ∈ P 1 (A). Therefore, the action of A on N is amenable.
In the next result, left amenable Lau algebras are characterized by the amenability of all their actions. This result covers [2, Theorem 2.2], and [13, Proposition 2.5] for the special cases presented in Example 2.1. First, we recall that a Lau algebra A is left amenable if there is an element m ∈ P 1 (A * * ) such that a · m = m for each a ∈ P 1 (A). Examples of left amenable Lau algebras include all commutative Lau algebra, L 1 (G) and M (G) when G is amenable group; see [7] for details. Proposition 2.3. Let A be a Lau algebra then, A is left amenable if and only if any action of A on a von Neumann algebra which ε N · a = ε N for each a ∈ P 1 (A), is amenable.
Proof. Let m ∈ P 1 (A * * ) be such that a · m = m for each a ∈ P 1 (A). Let A act on a von Neumann algebra N and ε N · a = ε N for each a ∈ P 1 (A). Fix ω ∈ P 1 (N * ) and define n : N → C by n(y) = m(ω ⋆ y) where ω ⋆ y ∈ A * is defined by (ω ⋆ y)(a) = y(a · ω). Then n ∈ P 1 (N * ) and
for all a ∈ P 1 (A) and y ∈ N . So the action of A on N is amenable. The converse is clear.
Apply Proposition 2.3 for the actions presented in Example 2.1 (2) and (3) 
Examples of amenable groups include all commutative groups and all compact groups; refer to [14] for details.
Corollary 2.4. For a locally compact group G the following are equivalent:
(i) G is amenable.
(ii) every unitary representation of G is amenable.
(iii) every action s → β s of G on a von Neumann algebra is G-amenable.
Proof. (i) the action of A on N is amenable.
(ii) there is a net
Proof. The result follows by a standard argument similar to the Namioka's idea in [11] (see also [19, Lemma 3.5] ); however, we give a sketch of the proof.
(ii)⇒ (iii): Let F be the set of all finite subsets of P 1 (A) and {ω i } i∈I be the net in P 1 (N * ) such that a · ω i − ω i w −→ 0 in N * , for all a ∈ P 1 (A). For
So the norm closure of the convex hull of {x F (ω i ); i ∈ I} contains 0. Hence for any n ∈ N there exists a state ν (F,n) ∈ N * such that
It is evident that any w * -cluster point of the net {ω i }, presented in assumption, is a right invariant A-mean on N . So the action of A on N is amenable.
Proposition 2.6. Let A act on a von Neumann algebra N such that ε N ·a = ε N for all a ∈ P 1 (A) and let Y be a closed sub-module of N with ε N ∈ Y . If there is a bounded right A-module map P : N → Y such that P (ε N ) = ε N , then the action of A on N is amenable if and only if there is an element n ∈ Y * such that n(ε N ) = n = 1 and a · n = n for each a ∈ P 1 (A).
Proof. Let n ∈ Y * be such that n(ε N ) = n = 1 and a · n = n for each a ∈ P 1 (A). Set m = P * (n). Then m(ε N ) = 1, and
for all y ∈ N and a ∈ P 1 (A). Applying Proposition 2.2, the action of A on N is amenable. For the converse it is enough to restrict the right invariant A-mean to Y .
Let {e α } be a bounded approximate identity for A and let A act on a von Neumann algebra N such that ε N · a = ε N for all a ∈ P 1 (A). Put [N · A] = Span{y · a; y ∈ N, a ∈ A}. Then [N · A] is a self adjoint and closed sub-module of N and ε N ∈ [N · A]. Define P : N → [N · A] by P (y) = lim α y · e α . Then P (ε N ) = ε N . Moreover, for all y ∈ N and a ∈ A we have Corollary 2.7. Let A act on a von Neumann algebra N such that ε N · a = ε N for all a ∈ P 1 (A). If A has a bounded approximate identity, then the action of A on N is amenable if and only if there is an element n ∈ [N · A] * such that n(ε N ) = n = 1 and a · n = n for each a ∈ P 1 (A).
Application to quantum groups
Let us start this section by recalling some notation related to locally compact quantum groups. We present a very quick account of this notion which has been adopted from [5, 6] and [20] . A locally compact quantum group is a triplet G = (L ∞ (G), Γ, ϕ), where (L ∞ (G), Γ) is a Hopf von Neumann algebra, and ϕ is a normal faithful semifinite left Haar Weight on L ∞ (G) [5, 6] . Let L 2 (G) be the Hilbert space associated with ϕ. If we denote the Hilbert space tensor product by ⊗ 2 , then there exists a left fundamental unitary operator
It is an injective and contractive homomorphism. Setting
, and put W = σW * σ, where σ denotes the flip map on
it can be shown that Γ is a co-multiplication. One can also define a left Haar weight ϕ on
, the dual quantum group of G, turn it into a locally compact quantum group. Moreover, a Pontryagin duality theorem holds; that is, G = G [6] .
If G is a locally compact group, then G a = (L ∞ (G), Γ a , ϕ a ) is a locally compact quantum group, where the co-multiplication is given by Γ a (f )(s, t) = f (st), and ϕ a is integration with respect to a left Haar measure. The dual quantum group G a of G a is G s = (V N (G), Γ s , ϕ s ), where V N (G) is the left group von Neumann algebra with co-multiplication Γ s (λ(t)) = λ(t) ⊗ λ(t), and ϕ s is Plancheral weight [18, Definition VII.3.2].
Using the co-multiplication Γ the canonical L 1 (G)-bimodule structure on L ∞ (G), can be presented by
A locally compact quantum group G is said to be amenable if there exists a state m ∈ L ∞ (G) * which is left invariant; that is m(ω · x) = ω(1)m(x) for all ω ∈ L 1 (G) and x ∈ L ∞ (G). It is known that G is amenable if and only if there exists a right (equivalently, two-sided) invariant mean [15] . Also G is said to be co-amenable if L 1 (G) has a bounded left (equivalently, right or two-sided) approximate identity [1, Theorem 3.1]. In the two classical cases G a and G s ; G a is always co-amenable and it is amenable if and only if G is amenable and G s is always amenable and it is co-amenable if and only if the group G is amenable.
Let G be a locally compact quantum group. Before we give the following characterization of co-amenability of G, we should mention that the Lau algebra
Theorem 3.1. Let G be a locally compact quantum group. Then the following are equivalent: 
Since W is unitary, we also have
So G is co-amenable, by [1, Theorem 3.1].
Let G be a locally compact quantum group and C 0 ( G) be the reduced C * -algebra associated with G; i.e., C 0 ( G) = λ(L 1 (G)) . ; [6] . The next result follows from the equivalence of (i) and (iii) in Theorem 3.1 and this fact that if A ⊆ B are C * -algebras and ϕ is a multiplicative functional on A, its extension ψ to B as a state satisfies ψ(ab) = ϕ(a)ψ(b) and ψ(ba) = ψ(b)ϕ(a) for a ∈ A and b ∈ B; see [1, Theorem 3.1].
Corollary 3.2. Let G be a locally compact quantum group, then G is coamenable if and only if 1 ∈ L ∞ (G) extend to a multiplicative functional on C 0 ( G).
Let G be a locally compact group. By Leptin's theorem, G a is co-amenable if and only if G is amenable. Thus as a particular case of Corollary 3.2, we obtain the following well-known characterization of amenable groups in terms of the existence of certain states on V N (G); see [17] .
Corollary 3.3. A locally compact group G is amenable if and only if there is a state
For a locally compact group G, recall that the Fourier algebra A(G) is spanned by functions with compact support in P (G), where P (G) denotes the set of all continuous positive definite functions on G; see [3] for details. Since G s is always co-amenable, as a particular case of Theorem 3.1 and Corollary 3.2, we have the next result. In this result e denotes the identity of G. (
A fixed point characterization
Let N be a von Neumann algebra, in this section we give a fixed point characterization of amenability of an action of A on N in the case where N * is a Banach algebra and the action of A on N is compatible; that is
We begin this section with the following definition.
Definition. Let X be a Banach space we say that X is a left Banach A-N * -module if X is a left Banach A-module and a left Banach N * -module, satisfying
It is obvious that N * is a left Banach A-N * -module. Let N e * be the Banach algebra obtained by adjoining an identity e to N * : so a + βe = a + |β|, and canonically, N e * = N * ⊕ Ce. The left A-module action on N * extends to a left A-module action on N e * by taking a · e = e for all a ∈ A. So N e * is a left Banach A-N * -module. Moreover if X is a left Banach A-N * -module and Y is a Banach space, then the projective tensor product Y⊗X with the module actions given by
is a left Banach A-N * -module. Let X be a left Banach A-N * -module. For each a ∈ A and ω ∈ N * there are T ω , T a ∈ B(X * * ), such that
By weak * operator topology on B(X * * ), we mean the locally convex topology of B(X * * ) determined by the family
of seminorms on B(X * * ), where
Recall that the operator algebra B(X * * ) can be identified with the dual space (X * * ⊗ X * ) * of X * * ⊗ X * , in a natural way. In particular, the weak * operator topology of B(X * * ) coincides with the weak * topology of (X * * ⊗ X * ) * on bounded subsets of B(X * * ). We denote by Ω X the weak * operator closure of the set {T ω ; ω ∈ P 1 (N * )} in B(X * * ). Therefore Ω X is compact in the weak * operator topology of B(X * * ). Before we give our fixed point property, we need the following lemma.
Lemma 4.1. Let N be a von Neumann algebra such that N * is a Banach algebra and let A act on N with compatible action. Assume that X is a left Banach A-N * -module such that there is a bounded N * -module map π : X → N e * and u ∈ X with π(u) = e. If there is an element T ∈ Ω X such that T a T = T for all a ∈ P 1 (A), then the action of A on N is amenable.
Proof. By assumption, there exists a net {ω i } in P 1 (N * ) such that T ωi → T in the weak * operator topology of B(X * * ). We therefore have (a·ω i − ω i )·u
Which implies that a · ω i − ω i w −→ 0 in N e * for all a ∈ P 1 (A). Since {a · ω i − ω i } is a net in N * we have a · ω i − ω i w −→ 0 in N * , for all a ∈ P 1 (A). Hence, the action of A on N is amenable, by Proposition 2.5.
We are now in a position to give a fixed point characterization of amenable actions of A on a von Neumann algebra, compare [8, Theorem 4.3] .
Theorem 4.2. Let N be a von Neumann algebra such that N * is a Banach algebra and let A act on N with compatible action. Then, the following conditions are equivalent:
(i) the action of A on N is amenable.
(ii) for each left Banach A-N * -module X, there exists T ∈ Ω X such that
Proof. (i)⇒ (ii): Let X be a left Banach A-N * -module. Since the action of A on N is amenable, appealing to Proposition 2.5, there exists a net {ω i } ∈ P 1 (N * ) such that for all a ∈ P 1 (A),
Since {T ωi } is contained in Ω X , we may assume that T ωi → T , in the weak * operator topology of B(X * * ), for some T ∈ Ω X . For each a ∈ P 1 (A), we therefore have T a T ωi → T a T in the weak * operator topology of B(X * * ). Also, by (4.1) we have
where K is a constant satisfying a · ω ≤ K a ω for all a ∈ A, ω ∈ N * . It follows that T a T = T , and so (ii) holds.
The implications (ii)⇒(iii) and (ii)⇒(iv) are clear, since N e * and A⊗N e * are left Banach A-N * -modules.
(iii)⇒ (i): By using Lemma 4.1, it is enough to let π be the identity map on N e * and u = e. (iv)⇒ (i): Take g ∈ Y * with g ≤ 1 and define a map π : Y ⊗ N e * → N e * by π(y ⊗ x) = g(y)x. Then π is a continuous linear map. Since π ≤ 1, it extends to a norm decreasing N * -module map π : Y⊗N e * → N e * . Take y 0 ∈ Y with g(y 0 ) = 1 and put u = y 0 ⊗ e. Therefore, the action of A on N is amenable, by Lemma 4.1.
Let (π, H π ) be a unitary representation of a locally compact group G. In view Example 2.1(2), f · (uv) = (f · u)v, for all f ∈ L 1 (G) and u, v ∈ T C(H π ), where T C(H π ) is the Banach algebra of all trace class operators on H π . So, as a (v) for some 1 ≤ p ≤ ∞, there exists T ∈ Ω A×pD such that T a T = T for all a ∈ P 1 (A).
Proof. According to Theorem 4.2 and Lemma 4.4, For (iii)⇒ (i) let π be the identity map on D and take u ∈ P 1 (D). For (iv)⇒ (i) take g ∈ Y * with g ≤ 1 and let π : A⊗D → D be such that π(a ⊗ ω) = g(y)ω. Take y 0 ∈ Y with g(y 0 ) = 1 and υ ∈ P 1 (D) and put u = y 0 ⊗ υ.
For (v)⇒ (i) define π : A × p D → D by π(a, υ) = υ. Take b ∈ A, υ ∈ P 1 (D) and put u = (b, υ).
As an application of Theorem 4.5, we present the following descriptions of left amenability of Lau algebras. The equivalence of (1)- (3) was established by Nasr-Isfahani [12] . (i) the Lau algebra A is left amenable.
(ii) for each left Banach A-module X, there exists T ∈ Ω X such that T a T = T for all a ∈ P 1 (A). (iii) there exists T ∈ Ω A such that T a T = T for all a ∈ P 1 (A). (iv) for each Banach space Y , there exists T ∈ Ω Y⊗A such that T a T = T for all a ∈ P 1 (A). (v) for some 1 ≤ p ≤ ∞, there exists T ∈ Ω A×pA such that T a T = T for all a ∈ P 1 (A).
Let G be a locally compact quantum group. In above corollary, if we consider the Lau algebra L 1 (G) we obtain the next result which gives a fixed point characterization for amenability of G.
Corollary 4.7. For a locally compact quantum group G, the following conditions are equivalent:
(ii) for each left Banach L 1 (G)-module X, there exists T ∈ Ω X such that T a T = T for all a ∈ P 1 (L 1 (G)). (iii) there exists T ∈ Ω L 1 (G) such that T a T = T for all a ∈ P 1 (L 1 (G)). (iv) for each Banach space Y , there exists T ∈ Ω Y⊗L 1 (G) such that T a T = T for all a ∈ P 1 (L 1 (G)). (v) for some 1 ≤ p ≤ ∞, there exists T ∈ Ω L 1 (G)×pL 1 (G) such that T a T = T for all a ∈ P 1 (L 1 (G).
